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Abstract
A Hamiltonian formulation of generic many-particle systems with space-dependent bal-
anced loss and gain coefficients is presented. It is shown that the balancing of loss and gain
necessarily occurs in a pair-wise fashion. Further, using a suitable choice of co-ordinates, the
Hamiltonian can always be reformulated as a many-particle system in the background of a
pseudo-Euclidean metric and subjected to an analogous inhomogeneous magnetic field with
a functional form that is identical with space-dependent loss/gain co-efficient.The resulting
equations of motion from the Hamiltonian are a system of coupled Lie´nard-type differential
equations. Partially integrable systems are obtained for two distinct cases, namely, systems
with (i) translational symmetry or (ii) rotational invariance in a pseudo-Euclidean space. A
total number of m+1 integrals of motion are constructed for a system of 2m particles, which
are in involution, implying that two-particle systems are completely integrable. A few exact
solutions for both the cases are presented for specific choices of the potential and space-
dependent gain/loss co-efficients, which include periodic stable solutions. Quantization of
the system is discussed with the construction of the integrals of motion for specific choices
of the potential and gain-loss coefficients. A few quasi-exactly solvable models admitting
bound states in appropriate Stoke wedges are presented.
Keywords: Dissipative system, Hamiltonian formulation, Lie´nard Equations, Integrable
system, Exactly solvable model
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1 Introduction
Dissipative systems are ubiquitous in nature. One of the approaches of having a Hamiltonian
formulation for dissipative harmonic oscillator is due to Bateman [1], in which an auxiliary
system is introduced as a thermal bath that is time-reversed version of the original oscillator.
The dissipative oscillator and its auxiliary system taken together give rise to a Hamiltonian with
equally balanced loss and gain terms. Various issues related to the quantization of Bateman-type
of oscillators are discussed in Refs.[2, 3, 4, 5, 6, 7, 8].
With the technological advancements, tailoring systems with balanced loss and gain is a
reality[9, 10]. One of the important features of this system is the existence of stable bound states
within certain regions of parameter-space, when the system and bath are suitably coupled[10].
In order to explore this class of systems further, the Hamiltonian formulation of generic many-
particle systems with balanced loss and gain in a model independent manner is required. Apart
from being an important ingredient in the investigations of systems with balanced loss and gain,
such a formulation may also be used to study the purely dissipative dynamics by exploiting
tools and techniques associated with a Hamiltonian system. It may be noted that until recently
there were a very few examples of systems with balanced loss and gain for which Hamiltonian
formulations were available[11, 12, 13, 14, 15]. Further, such constructions were specific to the
model under investigations. Within this background, the Hamiltonian formulation of a generic
many-body system with balanced loss and gain is presented in a systematic way in Ref. [16].
It is shown that the Hamiltonian formulation is possible only if the balancing of loss and gain
occurs in a pair-wise fashion. It is also shown that with a choice of a suitable coordinate the
Hamiltonian can always be formulated as describing a many-particle system in the background
of a pseudo-Euclidean metric and subjected to an external analogous uniform magnetic field. A
few exactly solvable models are presented with the construction of a set of integrals of motion.
The quantization of the exactly solvable models presented in Ref. [16] is considered in Ref. [17]
with a construction of the many-body correlation functions of a class of Calogero-type models
with balanced loss and gain by mapping the relevant integrals to the known results of random
matrix theory.
The Lie´nard equation[18, 19, 20, 21] exhibits many novel mathematical features such as limit
cycles, isochronicity, etc. and finds widespread applications in many branches of applied sciences.
The Van der Pol oscillator [19], which is a particular form of Lie´nard equation, also perceive
plenty of applications in physical [22, 23, 24], chemical[25], biological [26] and mathematical
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[27] sciences. A characterizing feature of Lie´nard equation is that the dissipative term is space-
dependent. Consequently, depending on the specific form of the space-dependent coefficient of
the term linear in velocity, the system may have gain in some regions of space and loss elsewhere.
One important aspect of this space-dependent gain-loss term is the existence of limit cycles and
relaxation oscillation.
The main purpose of the present article is to consider the Hamiltonian formulation presented
in Ref. [16] and to extend it to the case when the loss-gain coefficients are space dependent. In
particular, the Hamiltonian formulation of many-particle systems in presence of space-dependent
balanced loss and gain coefficients is presented in a model independent way. The generic features
of Hamiltonian systems with constant coefficients for the balanced loss and gain terms persist even
if these coefficients are allowed to be space-dependent. In particular, with appropriate choice of
the co-ordinates, the Hamiltonian with space-dependent loss and gain can always be reformulated
as a many-particle system in the background of a pseudo-Euclidean metric and subjected to an
analogous external inhomogeneous magnetic field having the functional form same as space-
dependent balanced loss/gain coefficients. Further, the balancing of space-dependent loss and
gain terms necessarily occurs in a pair-wise fashion. The resulting equations of motions from the
Hamiltonian are coupled Lie´nard-type of differential equations. A region of gain for a particle is
a region of loss for the corresponding paired particle and the vice verse. This raises the possibility
of existence of stable bound states within a certain region of parameter-space, even if neither a
particle nor its paired particle admits limit cycles.
The Hamiltonian formulation of systems with balanced loss and gain can also be used to
investigate purely dissipative dynamics by choosing the many-body potential judiciously such
that only ‘unidirectional coupling’ is allowed. In particular, the dynamics of the dissipative sys-
tem is made independent of the dynamics of its auxiliary system. However, the dynamics of
the auxiliary system is dependent on the dynamics of the dissipative system, thereby allowing
only ‘unidirectional coupling’. The dissipative and the corresponding auxiliary systems taken
together are described by a Hamiltonian. The advantage of such a construction is that tech-
niques associated with Hamiltonian formulation like canonical perturbation theory, canonical
quantization, KAM theory etc. may be used to study purely dissipative dynamics. A generic
Hamiltonian formulation of systems with balanced loss and gain and with unidirectional coupling
is presented in this article. The examples considered are dissipative rational as well as trigono-
metric Calogero-Sutherland models associated with various root structures and dissipative Toda
system.
The integrability and exact solvability of Hamiltonian systems with balanced loss and gain
are investigated when the potential admits a translational symmetry or a rotational symmetry
in a pseudo-Euclidean space. A set of m + 1 integrals of motion is obtained for both the cases
for a system of N = 2m particles. These integrals of motion are in involution, implying that the
system is partially integrable for N > 2, while it is completely integrable for N = 2. A few exact
analytical solutions are obtained for specific choices of the potential and the space-dependent
loss/gain profile for translational as well rotationally invariant systems. Stable bound states
exist within certain ranges in the parameter-space. Quantization of the system is carried out
with the construction of the integrals of motion for specific choices of the potential and gain-loss
coefficients. For the quantum case, normalizable solutions are obtained for a few quasi-exactly
solvable models.
The paper is organized in the following manner. In the next section the Lagrangian and
Hamiltonian formulation for many-body systems with space dependent balanced loss and gain
coefficients is presented in a model independent way and the equations of motion are obtained. It
is shown that the system can always be reformulated as a many-particle system in the back ground
of a pseudo-Euclidean metric by using a suitable choice of the co-ordinates. Section-3 deals with
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the space dependent balanced loss and gain systems, when the system admits a translational
symmetry. In section-4, the case for rotationally symmetric system is considered in a pseudo-
Euclidean space. In section-5, the quantization of the classical Hamiltonian is carried out with
the construction of the integrals of motion. For the quantum case, normalizable solutions are
presented for some of the quasi-exactly solvable models. Finally, in the last section, the results
are summarized with a discussion. Some of the equivalent Lagrangian for many-body systems
with space dependent balanced loss and gain coefficients are presented in the Appendix-A.
2 Hamiltonian formulation
A Hamiltonian formulation of many-particle systems with balanced loss and gain is presented in
Ref. [16]. The loss/gain coefficient is constant in this approach and the Hamiltonian is written
as,
H = ΠTMΠ+ V (x1, x2, . . . xN ), (1)
whereM is a N ×N real symmetric matrix with X = (x1, x2, . . . xN )T and Π = (pi1, pi2, . . . piN )T
are N coordinates and their conjugate momenta, respectively. The suffix T in OT denotes the
transpose of a matrix O. The generalized momenta is defined by Π = P + AX , where A is
an N × N anti-symmetric matrix. This analysis excludes constrained systems and any non-
standard Hamiltonian formulation. Systems with the dissipative term depending nonlinearly on
the velocity are not under the purview of the present investigation. A suggestion is made in
Ref. [16] that this Hamiltonian formulation can also be generalized to include space-dependent
balanced loss and gain co-efficients by redefining the generalized momenta Π as,
Π = P +AF (X), (2)
where F (X) = (F1, F2, . . . FN )
T is N dimensional column matrix whose entries are functions of
coordinates. The choice Fi ≡ xi2 corresponds to systems with constant loss/gain co-efficients.
This scheme for space-dependent balanced loss/gain was implemented1 for N = 2 and as an
example, Hamiltonian for the Van der pol oscillator with balanced loss and gain was constructed
with the choice Fi ≡ 12xi − 13x3i . The analysis for N > 2 is much more involved and needs
separate investigations.
In the present article, a Hamiltonian formulation of many-particle systems with space depen-
dent balanced loss and gain coefficients is presented for arbitrary N . The equations of motion
derived from the Hamiltonian (1) with the generalized momenta Π defined by Eq. (2) has the
following form:
X¨ − 2MRX˙ + 2M ∂V
∂X
= 0,
[J ]ij ≡ ∂Fi
∂xj
, R ≡ AJ − (AJ)T , ∂V
∂X
≡
(
∂V
∂xi
,
∂V
∂x2
, . . .
∂V
∂xN
)T
. (3)
The above equations can also be derived from the following Lagrangian:
L = 1
4
X˙TM−1X˙ − 1
2
(X˙TAF + FTAT X˙)− V (x1, x2, . . . , xN ). (4)
1 It may be noted that Eq.(16) in Ref. [16] contains a typographical error. It is valid for N = 2 instead of
arbitrary N .
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A phase-space analysis of Eq. (3) shows that only the diagonal elements of the matrix MR are
relevant for determining whether or not the system is dissipative. The following condition is
imposed by demanding that the velocity dependent term in the equation of motion for xi should
only contain x˙i :
MR = D, (5)
where D is a diagonal matrix. It may be noted that unlike the case of constant gain/loss
coefficients[16], both D and R for the present case depend on spatial variables. Nevertheless, it
can be shown by using Eq. (5) and the properties ofM , R, D, i.e. MT =M,DT = D,RT = −R
that,
{M,R} = 0, {M,D} = 0, {R,D} = 0, (6)
where {, } denotes anticommutaror. It immediately follows that Tr(D) = 0, implying that gain
and loss are equally balanced. A general discussion on the properties of the matrices M,R,D
and its consequences on the physical behavior of the system is given in Ref. [16], which are
equally applicable for the case of space-dependent loss/gain coefficients for which D and R are
also space-dependent. However, the representations of these matrices are different for these two
cases.
As in the case of systems with constant loss/gain co-efficients [16], the Hamiltonian of Eq.
(1) with Π given in Eq. (2) may be re-interpreted as defined in the background of a pseudo-
Euclidean metric. The symmetric matrix M can always be diagonalized to Md by using an
orthogonal matrix Oˆ, i.e. Md = OˆMOˆ
T . The anti-commuting property of M with D or R
for N = 2m,m ∈ Z+ implies that corresponding to each of its m eigenvalues λ, there exists
an eigenvalue −λ. Thus, the diagonal matrix Md can always be arranged to have the form
Md = diagonal(λ1,−λ1, . . . , λm,−λm) by assuming a particular ordering of eigenvalues. Under
the transformation generated by the orthogonal matrix Oˆ, the canonical variables X,P and the
column matrix F transform as follows:
Xˆ = OˆX, Pˆ = OˆP, Πˆ = OˆΠ = Pˆ +AF ,
F ≡ OˆF, A ≡ OˆAOˆT . (7)
The Hamiltonian H in Eq. (1) may now be written as defined in the background of an indefinite
metric Md:
H = ΠˆTMdΠˆ + V (xˆ1, xˆ2, . . . , xˆN )
= PˆTMdPˆ + FTATMdPˆ + PˆTMdAF + FTATMdAF + V (xˆ1, . . . , xˆN ). (8)
This form of the Hamiltonian as defined in the background of a pseudo-Euclidean metric is used
in the later part of the article when translationally and rotationally symmetric systems are dis-
cussed.
2.1 Representation of matrices
A particular realization of the matrices M , R and D satisfying the condition (5) for an N = 2m
dimensional system may be obtained as follows:
M = Im ⊗ σx, A = −iγ
2
Im ⊗ σy , D = γχm ⊗ σz , [χm]ij = 1
2
δijQi(x1, x2, . . . , xN ), (9)
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where σx, σy, σz are Pauli matrices and Im is m×m identity matrix. The m×m diagonal matrix
χm contains m functions Qi which are dependent on specific choices of J and hence, on the
functions Fi’s. In particular, the following equation may be obtained by using Eqs. (9) and (5),
χm ⊗ I2 = 1
2
J +
1
2
{Im ⊗ σy}JT {Im ⊗ σy} . (10)
The choice of the matrix D implies that the balancing of loss and gain terms occur between
the (2i − 1)th and the (2i)th particles. It may be assumed at this point that space-dependent
gain/loss terms for (2i−1)th and (2i)th particles solely depend on the co-ordinates x2i−1 and x2i.
Each particle may interact with rest of the particles through the potential V ≡ V (x1, x2, . . . , xN ).
This scheme is implemented by choosing,
F2i−1 ≡ F2i−1(x2i−1, x2i), F2i ≡ F2i(x2i−1, x2i) i = 1, 2, . . . ,m, (11)
which implies that J takes a block-diagonal form:
J =
m∑
i=1
U
(m)
i ⊗ V (2)i , (12)
where m number of m×m matrices U (m)a and 2× 2 matrices V (2)a are defined as,
[
U (m)a
]
ij
≡ δiaδja, V (2)a ≡
(
∂F2a−1
∂x2a−1
∂F2a−1
∂x2a
∂F2a
∂x2a−1
∂F2a
∂x2a
)
. (13)
Substituting Eqs. (12) and (13) in Eq. (10), Qa is determined as,
Qa(x2a−1, x2a) = Trace(V (2)a ), (14)
which completely specifies the representation. For the case of constant balanced loss and gain
coefficients, F2i−1 = x2i−1 and F2i = x2i and the result of Ref. [16] are reproduced.
With this particular representation, the Hamiltonian H takes the following form,
H =
m∑
i=1
[
2P2i−1P2i + γ (F2i−1P2i−1 − F2iP2i)− γ
2
2
F2i−1F2i
]
+ V (x1, x2, . . . , xN ), (15)
where the conjugate momenta are given as:
P2i−1 =
1
2
(x˙2i + γF2i), P2i =
1
2
(x˙2i−1 − γF2i−1). (16)
The equations of motion have the following form
x¨2i−1 − γQix˙2i−1 + 2 ∂V
∂x2i
= 0,
x¨2i + γQix˙2i + 2
∂V
∂x2i−1
= 0, (17)
which, in general, constitute a set of 2m coupled Lie´nard-type differential equations. The choice
of a general quadratic form for V ,
V = XTSX, ST = S, (18)
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gives a chain of coupled linear oscillators with space-dependent balanced loss and gain. Various
physical situations may be taken into account by choosing the symmetric matrix S appropriately.
An analytical solutions of this system becomes nontrivial, since presence of space-dependent
loss/gain co-efficient makes the system nonlinear. A chain of non-linear oscillators may also be
constructed by appropriately choosing V . In general, finding exact solutions of such systems
are nontrivial. A few examples of exactly solvable models with stable bound solutions will be
discussed later in this article.
2.2 Unidirectional coupling between system and bath
There is no coupling between the dissipative and its auxiliary system in the case of Bateman
oscillators. The dynamics of the system can be studied analytically both at the classical as well
as quantum level. The situation changes significantly if nonlinear terms are incorporated in the
system through the potential and analytical treatment seems nontrivial for the corresponding
classical as well quantum system. It is worth enquiring at this juncture whether or not the
tools and techniques associated with a Hamiltonian formulation can be used to study the purely
dissipative dynamics. As a first step in this direction, it is required to choose the potential
V and Qi suitably such that the particles subjected to dissipative dynamics are coupled among
themselves only. However, the dynamics governing the particles associated with auxiliary system
may depend on dynamics of all the particles. Thus, a kind of ‘unidirectional coupling’ is required
which may be obtained for the following choices of V and Qi,
V =
m∑
i=1
x2iVi(x1, x3, . . . , x2m−1), Qi ≡ Qi(x2i−1), i = 1, 2, . . .m, (19)
where Vi’s couple odd-numbered particles only. In this case Eqs. (17) reduce to following form:
x¨2i−1 − γQi(x2i−1)x˙2i−1 + 2Vi(x1, x3, . . . , x2m−1) = 0,
x¨2i + γQi(x2i−1) x˙2i + 2
m∑
j=1
x2j
∂Vj
∂x2i−1
= 0. (20)
The odd-numbered particles interact among themselves, while the even-numbered particles in-
teract with all the particles for generic Vj . A Hamiltonian formulation in its standard form
is not possible involving either only odd-numbered or even-numbered particles. However, the
odd and even-numbered particles together form a Hamiltonian system. One interesting obser-
vation at this point is that the dynamics of the even-numbered particles are governed by m
linear non-autonomous equations. The time-dependent co-efficients are determined by solutions
of the odd-numbered particles. For the specific choice of Vi ≡ Vi({x2i−1}), the dynamics of odd-
numbered particles is governed by m decoupled Lie´nard equations. Exact solutions of Lie´nard
equations for specific forms of Qi and Vi are known[28] which may be used to find the analytical
solutions for the even numbered particles.
The main advantage of systems with ‘unidirectional’ coupling is that the tools and techniques
associated with Hamiltonian formulation like, canonical perturbation theory, canonical quanti-
zation, KAM theory etc. may be used to study the dynamics of purely dissipative systems. For
example, canonical perturbation theory may be used to study the dynamics of odd-numbered
particles for the choices of Qi(x2i−1) and Vi({x2i−1}) for which an analytical solution is not
possible. Such an investigation for N = 2 has been carried out for the case of Van der Pol
oscillator[13]. The generic many-particle Hamiltonian H with ‘unidirectional’ coupling specified
by Eqs. (19) and (20) may be used to study the dynamics of any dissipative system. For example,
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the choice of Vi as,
Vi =
ω2
2
x2i−1 −
m∑
j=1
(j 6=i)
g
(x2i−1 − x2j−1)3 ,
V =
ω2
2
m∑
i=1
x2ix2i−1 − g
m∑
i,j=1
(j 6=i)
x2i
(x2i−1 − x2j−1)3 , (21)
gives a dissipative rational Calogero model:
x¨2i−1 − γQi(x2i−1)x˙2i−1 + ω2x2i−1 − 2
m∑
j=1
(j 6=i)
g
(x2i−1 − x2j−1)3 = 0,
x¨2i + γQi(x2i−1) x˙2i + ω2x2i + 6g
m∑
j=1
(j 6=i)
x2i − x2j
(x2i−1 − x2j−1)4 = 0. (22)
The equations of motion for the odd numbered particles in the limit γ = 0 is identical with
that of rational AN+1-type Calogero model [29, 30, 31, 32, 33] with m particles. However, the
Hamiltonians for these two cases are not identical in the same limit, due to a mismatch of
total degrees of freedom and γ independence of V . It may be noted that the quadratic terms
in V correspond to harmonic confinement, while the terms with coefficient g scales inverse-
squarely as in the case of rational Calogero model. However, the potential V is not permutation
symmetric. Thus, the potential for the rational Calogero model and that of H share some
of the properties, although they are not identical. The integrability and/or solvability of this
system is not apparent, unlike the case of Calogero-type Hamiltonian considered in Ref. [16].
An approximate description is possible both at the classical as well quantum level by treating
γ as a perturbation parameter and H in Eq. (15) with γ = 0 as unperturbed Hamiltonian.
The description of dissipative rational Calogero model is left for future investigations. There are
various many-particle integrable systems like Calogero-Sutherland models, Toda lattice [34, 35]
etc. with interesting physical behaviours. These models appear in diverse branches of physics
from condensed matter systems to high energy physics [36, 37, 38, 39, 40, 41, 42]. A generalization
of these models by including dissipation and investigating this new class of models is desirable.
As a first step towards this direction, a Hamiltonian formulation of these celebrated models with
balanced loss and gain can be obtained by employing the above formulation.
2.3 Hamiltonian on a pseudo-Euclidean plane
A Hamiltonian system with balanced loss and gain can always be reformulated as a many-particle
system in the background of a pseudo-Euclidean metric. Such a construction is presented in this
section. For the representation (9), the orthogonal matrix Oˆ that diagonalizes M has the form
Oˆ = 1√
2
[Im ⊗ (σx + σz)] and the matrices Md and A are respectively given by,
Md = Im ⊗ σz , A = iγ
2
(Im ⊗ σy) . (23)
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Denoting the new canonical variables Xˆ and Pˆ by Xˆ = (z+i , z
−
i )
T and Pˆ = (Pz+
i
, Pz−
i
)T with
i = 1, 2, . . . ,m, the Hamiltonian of Eq. (8) may now be written as,
H =
m∑
i=1
[(
P 2
z
+
i
− P 2
z
−
i
)
+ γ
(
F+i Pz−
i
+ F−i Pz+
i
)
− γ
2
4
{
(F+i )
2 − (F−i )2
}]
+ V ({z+i , z−i }),
=
m∑
i=1
[(
Pz+
i
+
γ
2
F−i
)2
−
(
Pz−
i
− γ
2
F+i
)2]
+ V ({z+i , z−i }), (24)
where the momenta conjugate to the variables z+i , z
−
i are respectively given by
Pz+
i
=
1
2
(
z˙+i − γF−i
)
, Pz−
i
= −1
2
(
z˙−i − γF+i
)
. (25)
The relation between the old and new variables given by Eq. (7) may be expressed as
z+i =
1√
2
(x2i−1 + x2i), z−i =
1√
2
(x2i−1 − x2i). (26)
F+i =
1√
2
(F2i−1 + F2i) , F−i =
1√
2
(F2i−1 − F2i) . (27)
It should be mentioned here that since F2i−1, F2i are functions of (x2i−1, x2i), it is apparent that
F+i , F
−
i are functions of (z
+
i , z
−
i ) variables only, i.e., F
+
i = F
+
i (z
+
i , z
−
i ) and F
−
i = F
−
i (z
+
i , z
−
i ).
For the special case Fi = xi, ∀ i, F+i and F−i respectively become z+i and z−i which obviously
describe a system with constant balanced loss and gain coefficients. The equations of motion
corresponding to the Hamiltonian (24), take the following form:
z¨+i − γQi(z+i , z−i )z˙−i + 2
∂V
∂z+i
= 0,
z¨−i − γQi(z+i , z−i )z˙+i − 2
∂V
∂z−i
= 0, Qi =
(
∂F+i
∂z+i
+
∂F−i
∂z−i
)
. (28)
The equations (28) may also be obtained from the Lagrangian L corresponding to the Hamilto-
nian (24):
L =
m∑
i=i
[
1
4
{
(z˙+i )
2 − (z˙−i )2
}
+
γ
2
(
z˙−i F
+
i − z˙+i F−i
)]− V ({z+i , z−i }). (29)
The Hamiltonian in Eq. (24) may be interpreted as a system of m particles on a pseudo-
Euclidean plane with the metric gij = (−1)i+1δij , i, j = 1, 2 and the ith particle being subjected
to an external inhomogeneous magnetic field Qi. It may be noted that in the original co-ordinate
system defined by xi’s, the space-dependent gain/loss coefficient for the (2i − 1)th and (2i) th
particles is also Qi. The gauge transformation of the vector potential corresponding to external
magnetic field produces a Lagrangian differing from (29) by a total time derivative term. This
point is elaborated further while quantizing the system and in the Appendix-A.
It should be mentioned here that a slight modification of the Lagrangian of Eq. (29) of the
form,
Lt =
m∑
i=i
[
1
4
{
(z˙+i )
2 − (z˙−i )2
}
+
γ
2
(
z˙−i F
+
i − z˙+i F−i
)
+
(
z+i h
+
i (t) + z
−
i h
−
i (t)
)]− V ({z+i , z−i }), (30)
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where h+i (t), h
+
i (t) are arbitrary functions of time, will incorporate a system with space dependent
balanced loss/gain term, which is externally driven. The Hamiltonian corresponding to the
Lagrangian (30) has the following form:
Ht =
m∑
i=1
[(
Pz+
i
+
γ
2
F−i
)2
−
(
Pz−
i
− γ
2
F+i
)2
− {z+i h+i (t) + z−i h−i (t)}
]
+ V ({z+i , z−i }). (31)
A proper choice of the functions h+i (t), h
−
i (t) can be made such that only the particles associated
with the chosen degree of freedom are externally driven. The explicit time dependence of the
Hamiltonian spoils the conservative nature of the system and will not be considered further for
discussions. The main emphasize of the present article is to investigate the integrability and
exact solvability of systems with space-dependent balanced loss and gain terms. Such systems
characterized by translational or rotational symmetry are considered in the next two sections.
3 Translationally invariant system
This section deals with the system described by the Hamiltonian (24) when the potential admits
a translational symmetry. It should be noted that under a constant and equal amount of shift
of the coordinates (x2i−1, x2i) of the form x2i−1 → x2i−1 + ηi and x2i → x2i + ηi, where ηi’s
are m independent parameters, the action A = ∫ Ldt remains invariant or differs at most by a
total time derivative provided that the potential is only a function of z−i , i.e. V = V ({z−i }) and
Qi = Qi(z
−
i ). For translationally symmetric system the first set of Eqs. (28) can be solved to
give:
z˙+i = γfi(z
−
i ) + Πi, Πi ∈ ℜ, ∀ i, fi =
∫
Qi(z
−
i )dz
−
i , (32)
where Πi’s are m integration constants to be determined by fixing the initial conditions. Substi-
tuting the expression of z˙+i from Eq. (32) to the second set of Eq. (28), the following decoupled
equation is obtained for the variables z−i :
z¨−i =
dgi
dz−i
, gi =
γ2
2
f2i + γΠifi + 2V ({z−i }), i = 1, 2, . . . ,m. (33)
Integrating Eq. (32) the following expression is obtained for the variables z+i ,
z+i = γ
∫
fidt+Πit+ Ci, Ci ∈ ℜ, ∀ i, (34)
where Ci are constants of integration. It is evident that for nonzero Πi, the solutions of zi contain
a linear dependence on time which introduces instability in the system. Therefore, in order to
have stable solution for z+i , Πi must be taken to be zero. It should be mentioned here that the
Πi’s appearing in Eq. (32) are m integrals of motion:
Πi = 2Pz+
i
+ γ
(
F−i − fi
)
, {H,Πi}PB = 0 {Πi,Πj}PB = 0, (35)
where {, }PB denotes Poisson bracket. Therefore, the existence of m + 1 integrals of motion
H,Πi, ∀ i in involution, implies that the system described by the translationally invariant po-
tential where the space dependent balanced loss and gain coefficients are only functions of z−i
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variables, is at least partially integrable. The existence of m integrals of motion are due to the
invariance of the Hamiltonian under translations with m independent parameters ηi. For the
potential of the form V = V ({z+i }), the action A =
∫
Ldt remains invariant or differs at most
by a total time derivative under the translations z−i → z−i + ηi provided Qi = Qi(z+i ). The
corresponding m conserved quantities Π−i = −2Pz−
i
+ γ
(
F+i − f+i
)
, f+i =
∫
Q+i (z
+
i )dz
+
i , and
the Hamiltonian H are in involution, implying that the system is partially integrable. Further
discussions in this article will be restricted to the case V = V ({z−i }). A few choices of V for
which exactly solvable models can be constructed are presented below.
3.1 Solution for two dimensional system
As a simple example, the two dimensional case with m = 1 and N = 2 is presented in this
subsection. The two dimensional system is completely integrable with H and Π1 being two
integrals of motion in involution. The potential V and the function f1 are chosen to have the
form
V = −ω
2
0
4
(z−1 )
2 − α0
6
(z−1 )
3 − β0
8
(z−1 )
4, ω0, α0, β0 ∈ ℜ, (36)
f1 = az
−
1 +
b√
2
(z−1 )
2, a, b ∈ ℜ. (37)
In this case Eq. (33) becomes:
z¨−1 + ω
2z−1 + α(z
−
1 )
2 + β(z−1 )
3 = γΠ1a,
ω2 = ω20 − γ(
√
2Π1b+ γa
2), α = (α0 − 3√
2
abγ2), β = β0 − γ2b2. (38)
There exists various choices of the parameters for which exact solutions can be constructed. As
an example the following case with Π1 = 0, α = 0 may be considered. In this case α0 =
3√
2
abγ2
and Eq. (38) becomes
z¨−1 + ω
2z−1 + β(z
−
1 )
3 = 0,
ω2 = ω20 − γ2a2, β = β0 − γ2b2, (39)
the solutions of which are given by the quartic oscillator and are discussed in Refs.[16, 43].
i) ω2 > 0, β > 0: In this case the parameter γ is restricted to lie in the range, −ω0
a
< γ < ω0
a
and β0 > γ
2b2, β0 > 0. The solution for z
−
1 is given by
z−1 (t) = A cn(Ωt, k), Ω =
√
ω2 + βA2, k2 =
βA2
2Ω2
. (40)
For non-singular stable solutions, the range of k is 0 < k < 1. It should be noted that Eq. (38) is
a second order ordinary differential equation and therefore, contains two integration constants.
In this case A is one of the integration constants and the other integration constant appearing
as a phase of Jacobi elliptical function is taken to be zero. This can always be done by fixing the
position of the particle at t = 0. The solution for z+1 is obtained from Eq. (34) and has the form
z+1 =
bA2γ
Ω
√
2
[
Ωt− Ωt
k
+
E[am[Ωt, k], k](−1 + 1
k
+ cn2[Ωt, k])
dn[Ωt, k]
√
1− ksn2[Ωt, k]
]
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+
aAγ
Ω
cos−1{dn(Ωt, k)}sn(Ωt, k)√
1− dn2(Ωt, k) + C1, (41)
where E denotes elliptic integral of second kind and C1 is the constant of integration.
(ii) ω2 > 0, β < 0: The parameter γ is restricted to lie in the range, −ω0
a
< γ < ω0
a
and β0 < γ
2b2
for β0 > 0. The solution for z
−
1 is given by
z−1 (t) = A sn(Ωt, k), Ω = (ω
2 − | β |A
2
2
)
1
2 , k2 =
| β |A2
2Ω2
, 0 ≤ A ≤
√
ω2
| β | . (42)
For non-singular stable solutions, the range of k is 0 < k < 1. The solution for z+1 has the form
z+1 =
bA2γ√
2Ωk
[
Ωt− E[am[Ωt, k], k]
√
(1− ksn2[Ωt, k])
dn[Ωt, k]
]
+
aAγ√
kΩ
log
[
dn(Ωt, k)−
√
kcn(Ωt, k)
]
+ C1, (43)
where C1 is the constant of integration.
(iii) ω2 < 0, β > 0: In this case the angular frequency is restricted to lie in the range, −aγ <
ω0 < aγ and β0 > γ
2b2, β0 > 0. Depending upon the range of the amplitude A, two solutions
are obtained. One of which is stable and another is unstable. The unstable solution for z−1 has
the form
z−1 (t) = Adn(Ωt, k), Ω = (
βA2
2
), k2 =
βA2 − | ω2 |
2Ω2
,
√
| ω2 |
β
≤ A ≤
√
2| ω2 |
β
, (44)
where z+1 (t) is unbounded for the range 0 < k < 1. The solution for z
+
1 reads
z+1 =
bA2γ
Ω
√
2
[
E[am[Ωt, k], k]dn[Ωt, k])√
1− ksn2[Ωt, k]
]
+
aAγ
Ω
am(t, k) + C1, (45)
where C1 is the constant of integration. The stable solution for z
−
1 is obtained for
√
2|ω2|
β
≤ A <
∞ which is similar to Eq. (40) except for the expressions for Ω and k and has the form
z−1 (t) = A cn(Ωt, k), Ω =
√
−| ω2 |+ βA2, k2 = βA
2
2Ω2
. (46)
In this case the solution for z+1 is given by Eq.(41) and the expression for Ω and k is given by
Eq.(46). The solutions obtained for case-I are not stable. Some observations on the obtained
solutions are as follows:
i) For the choice α0 = b = 0, f1 = az
−
1 which is the case of the constant gain-loss coefficients and
the solutions for z−1 are that of a quartic oscillators. In this case all the solutions as discussed
for the case-I reduce to the form as obtained in Ref. [16]. The solutions are stable in this case.
ii) For α0 = a = 0, f1 becomes
b√
2
(z−1 )
2 which corresponds to the case of linear loss-gain
coefficients. The solutions for z−1 is again given by the solutions of a quartic oscillators, with
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only a change in the parameters range. In this case the solutions for z−1 and z
+
1 can be obtained
by putting a = 0 in all solutions as obtained above and taking the range of the parameters
appropriately. However, the solutions obtained in this case are not stable.
iii) It should be noted that for constant balanced loss and gain coefficients, translationally sym-
metric systems admit stable solutions. However, the introduction of space dependent balanced
loss and gain coefficient makes the system unstable for the same form of the interacting potential.
4 Rotationally symmetric system:
The system described by the Hamiltonian (24), with J given by (12), may be considered as m
copies of a two dimensional system interacting with each other via the potential V . For the
choice of the functions F+i = z
+
i g(ri) and F
−
i = z
−
i g(ri) where r
2
i = (z
+
i )
2 − (z+i )2, a set of m
constants of motion can be constructed for a class of potential V = V ({ri}):
Li =
(
z−i z˙
+
i − z+i z˙−i
)
+ γr2i g(ri), i = 1, . . . ,m. (47)
The m conserved quantities Li, i = 1, . . . ,m are due to the rotational symmetry under rotation
in a pseudo Euclidean space that each copy of m two dimensional system possesses when the
potential is a function of {ri} only, i.e, V = V ({ri}). At this stage, a convenient choice of the
coordinates of the form
z+i = ri cosh θi, z
−
i = ri sinh θi, (48)
cast the Hamiltonian of Eq. (24) in the following form
H =
m∑
i=1
[
P 2ri −
1
r2i
(
Pθi −
1
2
γr2i g
)2]
+ V, (49)
where Pri and Pθi are respectively the momenta conjugate to ri and θi coordinates:
Pri =
r˙i
2
, Pθi = −
1
2
(
r2i θ˙i − γr2i g
)
=
Li
2
. (50)
It should be mentioned that the Hamiltonian in Eq. (49) becomes independent of θi for V =
V ({ri}) and the momentum Pθi conjugate to θi becomes a constant of motion. Further, the result
{H,Pθi}PB = 0 implies the existence of m integrals of motion in convolution which indicates
that the system is at least partially integrable. The equations of motion corresponding to the ri
and θi variables are respectively:
r¨i +
4
r3i
P 2θi − γ2rig2 + γ
(
2Pθi − γr2i g
) ∂g
∂ri
+ 2
∂V
∂ri
= 0, (51)
θ˙i =
1
r2i
(
γr2i g − 2Pθi
)
. (52)
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4.1 Solution for two dimensional system
In case of two dimensional system m = 1 and N = 2 and the system is completely integrable
since there exits two integrals of motion H,Pθ in involution. The following cases are considered
for a two dimensional system.
Case I: Pθ = 0, g =constant= c
This gives the case of constant balanced loss and gain coefficients [16]. In this case Eqs. (51)
and (52) takes the following form:
r¨ −γ2rc2 + 2∂V
∂r
= 0, θ˙ = γc. (53)
It should be noted that in this case Eqs (51) and (52) are decoupled and the solution of θ is
given as θ = cγt+ A with A being a constant of integration. The solutions for z+1 and z
−
1 may
directly be written as
z+1 = r(t) cosh (cγt+A), z
−
1 = r(t) sinh (cγt+A). (54)
The solutions in terms of x1 and x2 may be obtained from Eq.(26):
x1 =
r(t)√
2
exp [cγt+A], x2 =
r(t)√
2
exp [−(cγt+A)]. (55)
Depending upon the form of V (r), the solution for r is obtained by solving Eq. (53). For ex-
ample, in case V = 14ω
2
0r
2 + β8 r
4, the solutions for r is that of a quartic oscillator as has been
discussed in section-3 and exact non-singular solutions for r can be found. It should be noted
that the solutions for x1 is always growing and solutions for x2 is always decaying as in the
case of harmonic oscillator with balanced loss and gain and without any coupling. Eq. (55)
suggests that the introduction of any type of coupling for constant gain-loss coefficient in case of
rotationally symmetric system in a pseudo Euclidean space with the constant of motion Pθ = 0,
is unable to give any stable solutions.
Case II: Pθ = 0
In this case Eqs. (51) and (52) takes the following form:
r¨ −γ2rg d(rg)
dr
+ 2
∂V
∂r
= 0, (56)
θ˙ = γg. (57)
Choice (i): g = cr, V = 14ω
2
0r
2 + 18α0r
4. This choice gives the following equations for r and θ:
r¨ +ω20r + αr
3 = 0, α = α0 − 2γ2c2, (58)
θ˙ = cγr. (59)
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The solution of Eq. (59) is given by the solution of a quartic oscillator and has been discussed
in section-3. The solution for θ is obtained by integrating Eq.(59). For α0 > 2γ
2c2, α0 > 0, the
solutions for r is given by Eq. (40). In terms of z+1 and z
−
1 the solutions are
z+1 = Acn[Ωt, k] cosh θ, z
−
1 = Acn[Ωt, k] sinh θ, (60)
θ =
cAγ
Ω
cos−1{dn(Ωt, k)}sn(Ωt, k)√
1− dn2(Ωt, k) +B, Ω =
√
ω20 + αA
2, k2 =
αA2
2Ω2
, (61)
where B is a constant of integration. In terms of x1 and x2 the solutions are
x1 =
Acn[Ωt, k]√
2
exp (θ), x2 =
Acn[Ωt, k]√
2
exp (−θ). (62)
The solutions of x1 and x2 as given by Eq. (62) are non-singular stable and periodic. For
α0 < γ
2c2, α0 > 0 or α0 > γ
2b2 for α0 < 0, the solutions for r is given by Eq. (42). In terms of
z+1 and z
−
1 the solutions are
z+1 = A sn(Ωt, k) cosh θ, z
−
1 = A sn(Ωt, k) sinh θ,
θ =
cAγ√
kΩ
log
[
dn(Ωt, k)−
√
kcn(Ωt, k)
]
+B,
Ω = (ω20 −
| α |A2
2
)
1
2 , k2 =
| α |A2
2Ω2
, 0 ≤ A ≤
√
ω20
| α | , (63)
where B is a constant of integration. In terms of x1 and x2 the solutions are
x1 =
Asn[Ωt, k]√
2
exp (θ), x2 =
Asn[Ωt, k]√
2
exp (−θ). (64)
The solutions of x1 and x2 as given by Eq. (64) are non-singular stable and periodic.
It is interesting to note that for constant balanced loss and gain coefficients, it is impossible
to achieve stable solutions for any type of coupling in case of rotationally symmetric system in
a pseudo Euclidean space when the constant of motion Pθ is taken to be zero. However, the
introduction of space dependent balanced loss and gain coefficients makes it possible to achieve
non-singular stable and periodic solutions in this case.
5 Quantization of the classical Hamiltonian
This section deals with the quantization of the classical Hamiltonian H in Eq. (24). The classical
variables Pz±
i
, z±i are treated as operators satisfying the standard commutation relations:[
z+j , Pz+
j
]
= i,
[
z−j , Pz−
j
]
= i. (65)
All other commutators involving Pz±
j
and z±j are taken to be zero. It may be noted that the
canonical quantization method has been employed to quantize the system. The classical Poission
bracket relations among the coordinates and the corresponding conjugate momenta are promoted
to quantum commutators multiplied by the factor 1
i~
with the convention ~ = 1. Within the
canonical quantization scheme, it is also possible to quantize the same system by using guiding
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centre coordinates, since the gain/loss coefficient can be interpreted as analogous magnetic field.
For such cases, the position operators become noncommutative. However, any such possibility
is not considered in the present article.
A set of generalized momentum operators Πz±
i
are introduced as follows:
Πz±
i
:= Pz±
i
−A±i = −i∂z±
i
± γ
2
F∓i , A
±
i := ∓
γ
2
F∓i , (66)
where the coordinate-space representation of the operators Pz±
j
is used, i.e. Pz±
j
:= −i∂z±
j
. It
may be recalled that F±i ≡ F±i (z−i , z+i ), which imply the following commutation relations among
the operators Πz±
i
:
[
Πz±
i
,Πz±
j
]
= 0,
[
Πz−
i
,Πz+
j
]
= −δij iγ
2
Qi(z
−
i , z
+
i ). (67)
Note that the appearance of space-dependent loss/gain coefficientsQi(z
−
i , z
+
i ) in the second set of
commutation relations in Eq. (67). The operatorsA±i may be identified as two dimensional vector
potentials producing inhomogeneous magnetic fields Qi(z
−
i , z
+
i ) perpendicular to the ‘z
−
i − z+i ’
planes. The case of constant loss/gain co-efficient corresponds to uniform magnetic field. For
space-dependent loss/gain coefficients, a change in the direction of magnetic field as a function
of the co-ordinates corresponds to a change in gain/loss experienced by the particle.
The quantum Hamiltonian Hˆ corresponding to H in Eq. (24) has the following expression:
Hˆ =
m∑
i=1
[(
Πz+
i
)2
−
(
Πz−
i
)2]
+ V ({z−i , z+i }) (68)
where a symmetrization of the terms F+i Pz−
i
+F−i Pz+
i
have been used. The Hamiltonian can be
interpreted as a many-particle system defined in the background of a pseudo-Euclidean metric
with particles interacting with each other through the potential V and subjected to inhomoge-
neous magnetic field. There are provisions for writing the quantum Hamiltonian Hˆ in different
gauges, which at the classical level corresponds to adding/subtracting total time-derivative terms
to the Lagrangian L. The following two unitary operators are defined,
S1 := exp

 iγ
2
m∑
j=1
∫
F+j (z
−
j , z
+
j )dz
−
i

 , S2 := exp

 iγ
2
m∑
j=1
∫
F−j (z
−
j , z
+
j )dz
+
i

 , (69)
in order to elucidate the point. The Hamiltonian Hˆ may be transformed to unitary equivalent
Hamiltonian Hˆ1 := S
−1
1 HS1 and Hˆ2 := S2HS
−1
2 by using S1 and S2, respectively. In particular,
Hˆ1 =
m∑
i=1
[(
Pz+
i
+
γ
2
∫
Qi(z
+
i , z
−
i )dz
−
i
)2
− P 2
z
−
i
]
+ V ({z−i , z+i }),
Hˆ2 =
m∑
i=1
[
P 2
z
+
i
−
(
Pz−
i
− γ
2
∫
Qi(z
+
i , z
−
i )dz
+
i
)2]
+ V ({z−i , z+i }). (70)
Any one of the Hamiltonian Hˆ, Hˆ1, Hˆ2 may be used depending on convenience and/or physical
situations. In particular, the forms of Hˆ1 and Hˆ2 are suitable for box normalization [17],which
is required for quantizing a translational invariant system.
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5.1 Translationally invariant system
The momentum operators Pz+
i
, commute with the Hamiltonian Hˆ1, provided Qi = Qi(z
−
i ),
Vi = Vi({z−i }). In particular, the following commutation relations hold:
[H1, Pz+
i
] = 0, [Pz+
i
, Pz+
j
] = 0, i = 1, 2, . . . ,m. (71)
The existence of m + 1 integrals of motion in involution imply the partial integrability of the
system. However, the two-particle system is completely integrable. The time-independent
Schrodinger equation H1ψ = Eψ with
ψ = exp

 m∑
j=1
ikjz
+
j

φ({z−i }), (72)
takes the following form
m∑
i=1
[
∂2
z
−
i
+
(
ki +
γ
2
fi(z
−
i )
)2]
φ+ V ({z−i })φ = Eφ, (73)
where ki’s are the eigenvalues of the operators Pz+
i
. Even for linear space dependence of the
gain-loss coefficients the functions fi’s become quadratic and the solution of Eq. (73) becomes
nontrivial. The variable z1 will be used instead of z
−
1 in rest of this section for notational
convenience. For N = 2 and m = 1, some solutions corresponding to quasi-exactly solvable
models are presented with the following choices of the function f1 and the potential V ,
V = −α2z16 − β2z12 − 2a˜b˜z14 − 2abz14 + a˜ (4n+ 2p+ 3) z12 + b˜(1 + 2p),
f1 =
2
γ
(
az1
3 + bz1
)
, a˜2 =
(
α2 − a2) , b˜2 = (β2 − b2) . (74)
In this case Eq. (73) takes the following form:
−∂2z1φ+ V ′φ = −Eφ, (75)
where k1 is taken to be zero and V
′ is given by:
V ′(a, b) = a˜2z61 + 2a˜b˜z
4
1 +
{
b˜2 − a˜(4n+ 2p+ 3)
}
z21 − b˜(1 + 2p), (76)
where the parameter p takes the values p = 0, 1. The potential V ′ is quasi-exactly-solvable when
n is a non-negative integer and a˜ is non-negative number [44]. Since the potential V ′ is even
V ′(−z1) = V ′(z1), the eigenfunctions can always be taken to have either even or odd parity.
For even eigenfunctions p is zero and for odd eigenfunctions p is one. The Eq. (75) for the
potential V ′ has the form of a sextic oscillator as discussed in Ref. [44] with an exception that
E is replaced by −E. This change in sign manifests subtle issues of having well defined energy
spectra and normalizable wavefunctions depending on the nature of the potentials [17]. In order
to address this issues for the potential V ′, the eigenfunctions and some of the energy eigenstates
are presented below.
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The solutions of Eq. (75) may directly be written as [44],
φn = z
p
1Pn(z
2
1) exp
[
− b˜
2
z21 −
a˜
4
z41
]
, (77)
where Pn is a polynomial of degree n which is an element of (n+1) dimensional representation of
the sl(2)- algebra. It should be mentioned that the models considered in Ref. [17] also contain a
negative sign in the right hand side of the time independent Schrodinger equation. In this case,
in order that the systems possess normalizable wave functions as well as an energy spectra which
is bounded from below, proper Stoke wedges is needed to be defined where the wave functions are
normalizable. For example, in case a˜ = 0 the eigenfunctions and the energy spectra of the system
described by Eq. (75) is given by the eigenfunctions and the energy spectra of that of a harmonic
oscillator but in this case in order to have an energy spectra which is bounded from below, b˜
must be b˜ < 0 and the wavefunctions are not normalizable along the real z1-axis. However, the
wave functions are normalizable in the complex z1-plane within the Stoke wedges of opening
angle pi2 and centred about the positive and negative imaginary axis [45]. In the present case the
wave functions (77) are normalizable along the real z1-line due to the presence of the −z41 term
in the exponential with a coefficient a˜ > 0 and the normalization of the wavefunctions do not
depend on the sign of the parameter b˜. However, the wavefunctions (77) are also normalizable
in the complex z1-plane in Stoke wedges of opening angle
pi
4 and centred about the positive and
negative real axis and in Stoke wedges of opening angle pi4 and centred about the positive and
negative imaginary axis. The normalization of the wavefunctions within the Stoke wedges of
opening angle pi4 and centred about the positive and negative imaginary axis is preferable since
it produces the desire result in the case a˜ = 0 and b˜ < 0. If one substitutes φn from (77) to Eq.
(75), then the following equation is obtained in the variable y = z21 ,
−4y d
2Pn
dy2
+ 2
(
2a˜y2 + 2b˜y − 1− 2p
) dPn
dy
− 4a˜nyPn = −EPn, (78)
with Pn =
∑n
j=0 cjy
j, the Eq. (78) gives a system of (n+ 1) linear homogeneous equations, the
solution of which gives the coefficients cj . For non-trivial solutions of cj ’s, the determinant of
the coefficients must vanish. This determinant is a polynomial of degree n+1 in the variable E,
the solutions of which determines the energy E of the system.
For n = 0:
V ′(a, b) = a˜2z61 + 2a˜b˜z
4
1 +
{
b˜2 − a˜(2p+ 3)
}
z21 − b˜(1 + 2p),
E = 0, φ0 = z
p
1 exp
[
− b˜
2
z21 −
a˜
4
z41
]
. (79)
For n = 1:
V ′(a, b) = a˜2z61 + 2a˜b˜z
4
1 +
{
b˜2 − a˜(2p+ 7)
}
z21 − b˜(1 + 2p),
E± = −2b˜± 2
(
b˜2 + 2(1 + 2p)a˜
) 1
2
,
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φ1 = z
p
1P
±
1 exp
[
− b˜
2
z21 −
a˜
4
z41
]
, P±1 = 2a˜z
2
1 + b˜±
(
b˜2 + 2(1 + 2p)a˜
) 1
2
. (80)
It should be noted that in the limit a˜ = 0 and b˜ < 0, the results of Ref. [17] are reproduced
when the normalization is carried out in the above mentioned Stoke wedges. The eigenvalues
and eigenfunctions obtained in this case are different to that obtained in Ref. [44]. This is due to
the negative sign in the right hand side of Eq. (75). It should be noted that the energy spectrum
bounded from below and the corresponding normalized wave function are obtained only in the
range a˜ > 0, b˜ ∈ ℜ. For a˜ < 0 the wave function (77) is not normalizable along the real z1 line as
well in the Stoke wedges as discussed above. It should be mentioned here that for some particular
models as discussed in Ref. [10, 14], the quantum bound states occur at the same range of the
parameters for which the classical solutions are stable. However, no such result can be presented
for the model under investigation, since the exact classical solutions for the present model are not
known and a linear stability analysis is inconclusive. Further investigations by using nonlinear
stability analysis may be required in order to get a conclusive result in this regard.
Figure 1: (Color online): Stoke wedges: Dark portions denote the Stoke wedges where the wave
function (77) is normalizable. Blue portions denote the Stoke wedges where the wave function
(77) is normalizable when a˜ = 0 and b˜ < 0.
5.2 Rotationally invariant system
For the choices F+i = z
+
i g(ri), F
−
i = z
−
i g(ri) and V = V ({ri}) the Hamiltonian of Eq. (68)
becomes
Hˆ =
m∑
j=1
[(
−i∂z+
j
+
γ
2
z−j g
)2
−
(
−i∂z−
j
− γ
2
z+j g
)2]
+ V ({ri}), (81)
where r2i = (z
+
i )
2 − (z−i )2. The pseudo-Euclidean angular momentum operators,
Lˆi = 2
(
z+i Pz−
i
+ z−i Pz+
i
)
, i = 1, 2, . . .m, (82)
are integrals of motion and satisfy the following commutation relations
[Hˆ, Lˆi] = 0, [Lˆi, Lˆj] = 0, i = 1, 2, . . . ,m. (83)
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The existence of m+1 integrals of motion implies that the system is at least partially integrable
and for N = 2,m = 1, the system is completely integrable.
An imaginary scale transformation of the form,
P
z
−
i
→ iP˜
z
−
i
, z−i → −iz˜−i , Pz+i → P˜z+i , z
+
i → z˜+i , (84)
may be performed to define the eigenvalue problem on a Euclidean plane. In particular, the
Hamiltonian of Eq. (81) may be rewritten as,
Hˆ = H+ iγL,
H =
m∑
i=1
(
P˜ 2
z
+
i
+ P˜ 2
z
−
i
)
+ Veff , L = 1
2
m∑
i=1
g(r˜i)L˜i, (85)
where the effective potential Veff , the Euclidean angular momentum operators L˜i and the Eu-
clidean radial variables r˜i are defined through the following relations:
Veff ≡ V ({r˜i})−
m∑
i=1
γ2
4
r˜2i g
2(r˜i), L˜i ≡ 2
(
z˜+i P˜z−
i
− z˜−i P˜z+
i
)
, r˜2i ≡ (z˜+i )2 + (z˜−i )2. (86)
The quantum problem, after the imaginary scale transformation, is redefined in a Hilbert space
in which the operators H and L are Hermitian [46]. Consequently, for a suitable choice of the
potential V , entirely real spectra with normalizable eigenfunctions may be found for H. The
commutator of H and L,
[H,L] = − i
2
{(
P˜z+
i
∂g
∂z˜+i
+
∂g
∂z˜+i
P˜z+
i
)
+
(
P˜z−
i
∂g
∂z˜−i
+
∂g
∂z˜−i
P˜z−
i
)}
L˜i, (87)
vanishes only if gain/loss coefficient g(r˜i) is constant. The Hamiltonian Hˆ can not admit entirely
real spectra for constant gain/loss coefficient, since the simultaneous eigenstates of H and L also
diagonalize Hˆ and the corresponding energy eigenvalue Eˆ contains an additive term of the form
iγl, where l is the eigenvalue of L [17]. However, for space-dependent gain/loss co-effiecient,
entirely real spectra for Hˆ with normalizable eigenfunctions are not ruled out completely. For
example, the Hamiltonian Hˆ in Eq. (85) for N = 2 takes the following form in polar coordinates
(r˜, θ˜) on the Euclidean plane,
Hˆ = −
(
∂2
∂r˜2
+
1
r˜
∂
∂r˜
+
1
r˜2
∂2
∂θ˜2
)
− γ
2
4
g2(r˜)r˜2 + γg(r˜)
∂
∂θ˜
+ V (r˜). (88)
The separation of variables may be achieved by choosing ψ = exp (ilθ˜)φ(r˜) for which the sta-
tionery eigenvalue equation with energy E has the following form:
−∂
2φ
∂r˜2
− 1
r˜
∂φ
∂r˜
+
l2
r˜2
φ+ Vr˜φ = Eφ, Vr˜ = V (r˜)− γ
2
4
g2(r˜)r˜2 + ilγg(r˜). (89)
It should be noted that the radial potential Vr˜ becomes complex due to the presence of the ilγg
term. It may be recalled that within the context of PT symmetric and/or pseudo-hermitian
quantum system complex potential may admit entirely real spectra with normalizable eigen-
functions [47, 48]. Thus, for space-dependent gain/loss coefficients, the possibility of having a
consistent quantum system with entirely real spectra exists. However, even for the linear depen-
dence of g on r˜, Vr˜ admits a quartic term. This makes the search for solvable models nontrivial
and is left for future investigations.
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6 Summary and discussions
The Hamiltonian formulation of a generic many-body system with space dependent balanced loss
and gain coefficient has been presented. It has been shown that the balancing of loss and gain
necessarily occurs in a pair-wise fashion. One important aspect of this construction is that the use
of an appropriate orthogonal transformation allows the Hamiltonian to be interpreted as a many-
particle system in the background of a pseudo-Euclidean metric and subjected to an analogous
inhomogeneous magnetic field with a functional form that is identical with space-dependent
loss/gain co-efficient. The gauge transformations of the analogous vector field correspond to
various Lagrangian differing from each other by a total time-derivative term.
Discussions have been made on the choice of the potential which produces unidirectional
coupling between the system and the bath. In particular, the dissipative dynamics of a system is
independent of the dynamics of bath degrees of freedom, while the converse is not true. Such a
formulation has the advantage that the techniques associated with Hamiltonian formulation, like
canonical perturbation theory, canonical quantization, KAM theory, geometric mechanics etc.
may be used to investigate purely dissipative dynamics of a system. The examples presented are
Hamiltonian corresponding to rational as well as trigonometric dissipative Calogero-Sutherland
models with various root systems and dissipative Toda systems.
The equations of motion resulting from the Hamiltonian are coupled Lie´nard type differential
equations with balanced loss and gain. Special emphasize have been given to investigate the
integrability and exact solvability of the system. Two specific classes of models with N = 2m
number of particles admitting translational or rotational symmetry have been investigated in
some detail. A total number of m + 1 integrals of motion have been constructed for the both
types of systems, which are in involution, implying that the system is partially integrable for
N > 2 and is completely integrable for N = 2. The space-dependent gain-loss co-efficients make
the equations of motion nonlinear irrespective of the specific form of the potential. This makes
the search for exact solutions nontrivial. Nevertheless, for both the cases, exact solutions are
obtained for a few specific choices of the potentials and space-dependent gain/loss co-efficients.
The quantization of the system with space dependent balanced loss and gain has been car-
ried out. The m + 1 number of quantum integrals of motion are constructed for a system of
2m particles with translational or rotational symmetry. It appears that solving the complete
eigenvalue problem analytically is a nontrivial task, even for potentials like harmonic oscillator,
Coulomb, etc. due to the space-dependent balanced loss/gain terms. For example, a choice of
the gain/loos co-efficient depending linearly on one of the co-ordinates produces a quartic term
in the same co-ordinate in the eigenvalue equation. A class of quasi-exactly solvable models with
translational symmetry has been presented in this article with a discussion on the normalizability
of the wave-function in appropriate Stoke wedges. For the case of rotationally symmetric sys-
tem, attempts to find solvable or quasi-exactly solvable models admitting bound states have not
produced any positive result. However, unlike the case of constant loss/gain coefficients[16], the
possibility of rotationally symmetric system with space-dependent balanced loss/gain coefficients
admitting bound states is not completely ruled out.
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8 Appendix-A: Gauge transformations and equivalent La-
grangian
In this appendix the Lagrangian corresponding to the Hamiltonian in Eq. (24) that is relevant in
the present discussions is presented. As has been mentioned in section-2 that the Hamiltonian in
Eq. (24) may be interpreted as describing a many-particle system subjected to an external inho-
mogeneous magnetic field and the gauge transformations of the vector potential corresponding
to external magnetic field produce Lagrangian that differs from (29) by a total time derivative
term and is equivalent to each other in the sense that they lead to the same equations of motion.
The Lagrangian presented in this appendix is particularly useful when the system admits certain
symmetries. For example, the following Lagrangian may be considered
L1 =
m∑
i=1
[
1
4
{
(z˙+i )
2 − (z˙−i )2
}− γ
2
z˙+i
∫
Qi(z
+
i , z
−
i )dz
−
i
]
− V ({z+i , z−i }). (90)
For translationally symmetric system with Qi = Qi(z
−
i ) and V = V (z
−
i ), the coordinates z
+
i
become cyclic which leads to m conserved quantities. In this case the Routhian of the system
has the following form
R1 =
m∑
i=1
[(
Pz+
i
+
γ
2
∫
Qi(z
−
i )dz
−
i
)2
+
1
4
(z˙−i )
2
]
+ V ({z−i }). (91)
Another Lagrangian corresponding to the Hamiltonian in Eq. (24) may be presented as follows
L2 =
m∑
i=1
[
1
4
{
(z˙+i )
2 − (z˙−i )2
}
+
γ
2
z˙−i
∫
Qi(z
+
i , z
−
i )dz
+
i
]
− V ({z+i , z−i }). (92)
This Lagrangian is specially convenient to use when the system yields a symmetry such that
the coordinates z−i become cyclic with Qi and V are respectively given by Qi = Qi(z
+
i ) and
V = V (z+i ). In this case the Routhian corresponding to the Lagrangian (92) takes the following
form,
R2 =
m∑
i=1
−
[
1
4
(z˙+i )
2 +
(
Pz−
i
− γ
2
∫
Qi(z
+
i )dz
+
i
)2]
+ V ({z+i }). (93)
The Hamiltonian equations corresponding to the Routhains R1 and R2 give the constants of
motion and the Lagrangian equations give the equations of motion corresponding to the non-
cyclic coordinates in the respective cases.
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